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ABSTRACT
This bulletin describes a simple graphical procedure for computing
vertical displacements at the surface or within the interior of an
elastic, homogeneous, isotropic solid body bounded by a plane hori-
zontal surface and loaded by distributed vertical loads at the surface.
The displacements are computed from charts given herein merely by
counting on the chart the number of elements of area, or blocks,
covered by a plan of the loaded area drawn to proper scale and laid
upon the chart.
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INFLUENCE CHARTS FOR
COMPUTATION OF VERTICAL DISPLACEMENTS
IN ELASTIC FOUNDATIONS
I. INTRODUCTION
1. Scope of Bulletin.-This bulletin, a sequel to Bulletin 338,1 de-
scribes a simple graphical procedure for computing vertical displace-
ments at the surface or within the interior of an elastic, homogeneous,
isotropic solid body bounded by a plane horizontal surface and loaded
by distributed vertical loads at the surface. The displacements are
computed from charts given herein merely by counting on the chart
the number of elements of area, or blocks, covered by a plan of the
loaded area drawn to proper scale and laid upon the chart. The charts
are used in essentially the same manner as those for computation of
stress given in Bulletin 338.
Three influence charts are included. Plate 1, for computing the
vertical displacement or settlement at the surface, can be used for
any value of Poisson's ratio. Plate 2, for computing the vertical dis-
placement at any depth Z beneath the surface, is used directly for a
value of Poisson's ratio of 0.5. Plate 3 is a chart for determining the
correction to be used with the results from Plate 2 for values of
Poisson's ratio other than 0.5. The influence values for the individual
squares in each chart are dependent on the value of Poisson's ratio,
on the intensity of loading, on the base length L or the depth Z, and
on the modulus of elasticity.
Table 1 contains numerical data for constructing the charts.
Chapter III gives formulas for computing the numerical values.
2. Acknowledgments.-The investigation reported herein was con-
ducted as a part of the work of the Engineering Experiment Station
of the University of Illinois, of which DEAN M. L. ENGER is the
director, and of the Department of Civil Engineering, of which PRO-
FESSOR W. C. HUNTINGTON is the head.
The selection of the numerical values for drawing the charts in
Plates 1, 2, and 3 was governed by considerations involved in the use
of the charts by the United States Waterways Experiment Station,
Vicksburg, Mississippi, for computing vertical displacements in the
subgrade of airfield pavements. Acknowledgment is made to the
Director of the Station for permission to publish these charts.
1 N. M. Newmark, "Influence Charts for Computation of Stresses in Elastic Foundations,"
Univ. of Ill. Eng. Exp. Sta. Bul. 338, 1942.
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3. Notation.-The following notation is used:
p = intensity of load, or load per unit of area.
so = settlement or vertical deformation of a point at the surfac
s' = settlement of a point at the depth Z beneath the surfac
E = modulus of elasticity, or modulus of deformation of th
material.
L = base length for settlement at surface.
Z = depth of stratum at which settlement is computed.
I = Poisson's ratio.
n, = number of influence squares (blocks) from Plate 1.
n' = number of influence squares (blocks) from Plate 2.
n. = number of influence squares (blocks) from Plate 3.
N = sum of the number of blocks within a circle of radius r.
r = radius of loaded circular area.
a = arc tan r/Z.
II. USE OF INFLUENCE CHARTS
4. Outline of Procedure for Use of Charts.-The influence charts
given herein are used in the same manner as those described in Bulle-
tin 338 for the computation of stress.
To use the charts, a drawing is made of the loaded area to such a
scale that the depth Z at which the settlement is desired (in Plates
2 and 3) or the base length L (in Plate 1) is, to scale, equal to the
length denoted by Z or by L on the plate. The drawing of the loaded
area is then placed on the chart in such a way that the origin of the
chart falls under the point at which the settlement is desired.
The number of blocks covered by the loaded area is then counted.
The settlements are determined from Equations (1) and (2) below.
The calculations can be made directly only for uniformly loaded
areas. Where the area is not uniformly loaded the charts can still
be used by considering the non-uniform loading to be made up of
several sets of uniformly loaded areas.
The equations for determining the settlement are as follows:
s. = 0.02 (1 - p2) n. pL/E (1)
8s' = 0.01 (1 + IA) [n' + (1 - 2") n.] pZ/E.
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For the special case where A= 0.5 these equations become
so = 0.015 n, pL/E (3)
s' = 0.015 n' pZ/E. (4)
For a given loaded area, drawings of the plan of the loaded area
to different scales are required in order to compute settlements at
various depths. For settlement at the surface, however, the loaded
area may be drawn to any scale whatsoever and the length L deter-
mined for the particular scale used.
All the charts are radially symmetrical; therefore the loading plan
may be rotated through any angle about a vertical axis through the
origin of the chart without changing the magnitude of the settlement.
In using the charts, parts of blocks may be estimated with suf-
ficient accuracy for practical purposes. In general the loaded area will
be drawn on tracing paper and laid upon the chart so that blocks
may be counted through the tracing.
The charts may be used to compute the change in thickness of a
stratum, by determining the vertical displacement of the top and
bottom boundaries of the stratum.
5. Illustrative Example.-As an example of the use of the charts,
consider the problem of a loaded area 100 ft. square, with E =
1,000,000 lb. per sq. ft., p=0.5, and p= 2,000 lb. per sq. ft. It is re-
quired to find the settlement at the corner of the area, and also the
settlement vertically beneath the corner of a stratum at a depth
of 25 ft.
Since Plate 1 can be used with any scale, it is convenient to use
the same drawing of the loaded area for both Plate 1 and Plate 2.
Consequently the plan of the loaded area is drawn to such a size that
the length of a side is four times the length Z in Plate 2 or four times
the length L in Plate 1.
The following results are obtained:
no = 112,
(2000) (25)
so = (0.02) (0.75) (112) ft. = 0.084 ft.;
1,000,000
n' = 109, n, = 0,
(2000) (25)
s' = (0.01) (1.5) - (109) ft. = 0.082 ft.
1,000,000
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III. FORMULAS AND NUMERICAL VALUES
FOR CONSTRUCTING CHARTS
Consider a circular area of radius r loaded uniformly by a dis-
tributed load of intensity p. The vertical displacement s of a point
at a distance Z beneath the center of the circular area is given by
the following formula:
pr 1 - cos a
s = (1 + )- sin a + (1I -- 2) - - (5)
E sin a
where
r
tan a = -- (6)
For the surface of the loaded area Z = 0 and, consequently, a = r/2.
Equation (5) then becomes
pr puL r
S= 2(1 - ,2) = 2(1 -- ,() . (7)E E
L is introduced in Equation (7) merely for convenience in having
a base length or scale for the plate.
The values of r/L in Equation (7) or of r/Z =tan a in Equation
(5) are tabulated in Table 1 for various values of N, the number of
blocks within a circle of radius r. In other words, the increment in
N between any two values of r gives the number of blocks no, n', or
n, between two circles having as radii the two values of r.
For deflections at the surface, the value of N is obtained by com-
paring Equations (1) and (7) and is given by the equation
r
N = 100o- (8)
L
For deflections beneath the surface the value of N corresponding
to n' or nc is obtained by comparing Equations (5) and (2). For n' it is:
sin 2 a
N=100
cos a
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TABLE 1
r r
VALUES OF--AND-z-FOR VERTICAL DEFLECTION
Increment Number of -- for n,, - for 
n', T fo r .,
N in Radial Seg- Deflection Deflection DeflectionN ments in eflection aDe at Depth Z,
SCircle at at Depth Z, CorrectionSurface 
-- i for A
0 0 0 0 0
4 4 1 0.04 0.202 0.286
12 8 2 0.12 0.357 0.504
20 8 2 0.20 0.470 0.603
40 20 5 0.40 0.698 0.980
60 20 5 0.60 0.898 1.249
80 20 5 0.80 1.089 1.497
100 20 5 1.00 1.272 1.732
140 40 10 1.4 1.640 2.182
180 40 10 1.8 2.010 2.615
220 40 10 2.2 2.385 3.04
260 40 10 2.6 2.765 3.46
300 40 10 3.0 3.15 3.87
340 40 10 3.4 3.53 4.28
380 40 10 3.8 3.92 4.69
420 40 10 4.2 4.31 5.10
460 40 10 4.6 4.70 5.51
500 40 10 5.0 5.10 5.92
600 100 25 6 6.08 6.93
700 100 25 7 7.07 7.94
800 100 25 8 8.06 8.94
900 100 25 9 9.05 9.95
1000 100 25 10 10.05 10.95
1100 100 25 11 11.04 11.96
1200 100 25 12 12.04 12.96
1300 100 25 13 13.04 13.96
1400 100 25 14 14.04 14.97
1500 100 25 15 15.03 15.97
1600 100 25 16 16.03 16.97
1700 100 25 17 17.03 17.97
1800 100 25 18 18.03 18.97
1900 100 25 19 19.03 19.97
2000 100 25 20 20.02 20.98
The value of N corresponding to ne is
1 - Cos a
N = 100
COS a
Equations (9) and (10) can be solved for values of tan a corre-
sponding to given values of N. The values given in Table 1 were
obtained in this way.
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T HE Engineering Experiment Station was established by act
of the Board of Trustees of the University of Illinois on De-
cember 8, 1903. It is the purpose of the Station to conduct
investigations and make studies of importance to the engineering,
manufacturing, railway, mining, and other industrial interests of the
State.
The management of the Engineering Experiment Station is vested
in an Executive Staff composed of the Director and his Assistant, the
Heads of the several Departments in the College of Engineering, and
the Professor of Chemical Engineering. This Staff is responsible for
the establishment of general policies governing the work of the Station,
including the approval of material for publication. All members of
the teaching staff of the College are encouraged to engage in scientific
research, either directly or in cooperation with the Research Corps,
composed of full-time research assistants, research graduate assistants,
and special investigators.
To render the results of its scientific investigations available to
the public, the Engineering Experiment Station publishes and dis-
tributes a series of bulletins. Occasionally it publishes circulars of
timely interest presenting information of importance, compiled from
various sources which may not be readily accessible to the clientele
of the Station, and reprints of articles appearing in the technical press
written by members of the staff and others.
The volume and number at the top of the front cover page are
merely arbitrary numbers and refer to the general publications of the
University. Above the title on the cover is given the number of the
Engineering Experiment Station bulletin, circular, or reprint which
should be used in referring to these publications.
For copies of publications or for other information address
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